Abstract. Let P be a multiply connected polygonal domain with holes (possibly degenerate) and let F be a certain family of directions in the plane. We give a formula for the minimum number of convex pieces in which P is partitioned with the help of guillotine cuts along the directions of F .
Introduction
The problems of partitioning a polygon (with its interior) into a minimum number of convex pieces are well studied in computational geometry (see, for instance, [3] , [10] , [12] , and [14] ). Formulas presenting some estimates for the minimum number of convex pieces are given for partitioning triangles (see [4] ), trapezoids (see [1] and [19] ), rectangles (see [6] , [11] , and [18] ), and convex polygons (see [2] ). For the case of minimum convex partitions obtained by cuts along a given family of directions, the respective formulas are given in [15] and [17] in terms of d-convexity.
Any convex partition of a polygon P can be obtained by drawing within P finitely many closed line segments. By varying the conditions on their placement, we can consider different types of partitions. For example, if we draw only diagonals of P, we obtain socalled partitions without Steiner points (see, e.g., [10] and [12] ). If we give preference to segments along certain fixed directions, we obtain partitions into rectangles, trapezoids, etc. In what follows we consider the last approach. Observe that if the prescribed family of directions consists of all directions in the plane, then all possible convex partitions are taken into consideration.
More precisely, our purpose is to study the following problem. For a given multiply connected, polygonal domain P with holes (possibly degenerate) and a certain family F of directions in the plane, determine the minimum number of convex pieces into which P can be partitioned with the help of guillotine cuts (i.e., of linear cuts from boundary points to boundary points, see Definitions 6 and 7 for an exact description) along directions from F .
The paper is organized as follows. In Section 2 we give a description of polygonal domains in order to clarify the notion of a multiply connected polygon with (degenerate) holes. Next (in Section 3) we introduce the notion of local nonconvexity of a polygonal domain, and in Section 4 we define convex guillotine partitions of such domains. Furthermore (see Section 5), we deal with a "naive" guillotine partition into convex pieces, which we use in Section 7 as the procedure for minimum convex guillotine partition. In Section 6 we introduce the notions of a compatible family of diagonals of a polygonal domain as well as the effective number of such a family; both of which are important for minimum convex partition.
Description of Polygonal Domains
In a standard way, a simple polygon is a compact set in the plane E bounded by a polygonal contour, i.e., by a closed, non-self-intersecting curve consisting of finitely many closed line segments. A polygon with holes is a connected, compact set in the plane whose boundary consists of an exterior polygonal contour and of finitely many interior polygonal contours, which are pairwise disjoint, noninclusive, and determine holes.
We extend the notion of a polygon in order to consider also multiply connected domains with degenerate holes. Thus, by a polygon P we mean a compact set (maybe, multiply connected) with the nonempty interior int P being dense in P, and the boundary bd P consisting of finitely many closed line segments. In this way the boundary bd P of P consists of finitely many simple polygonal contours satisfying the following conditions: (1) any two of them are not interlaced, i.e., they may be situated either one inside the other or mutually noninclusive; (2) they may have common vertices but no common line segment.
Clearly, any polygon P can be represented as a list of contours satisfying the above conditions. In this way, the boundary bd P of P is exactly the point-set union of the contours, and the interior int P of P is the set of points each lying inside an odd number of contours.
By a hole of a polygon P we mean any bounded component of the complement E\P, and the exterior of P is the unbounded component of E\P. Clearly, any hole and the exterior of P are open sets.
As a next step, we introduce the notion polygonal domain with degenerate holes. To do this, we need some preliminary notions.
Assume that some points v 1 , v 2 , . . . , v k and some closed line segments s 1 , s 2 , . . . , s t are placed inside a polygon P such that the following conditions hold: The point-set union of these points and segments is called the ornament of P and is denoted by Or P:
A polygon P, considered together with a certain ornament Or P, is called a polygonal domain.
Definition 1.
For a given polygonal domain P, the sets Bd P := Or P ∪ bd P, Int P := P\Bd P are called the formal boundary and the formal interior of P, respectively. A bounded component of the complement E\Int P is called a formal hole of P, and the unbounded component of E\Int P is called the formal exterior of P and is denoted by Ext P.
From the above definition it follows that for any polygonal domain P the sets Bd P, Ext P, and any formal hole of P are closed sets, while the formal interior Int P is an open set.
Remark 1.
We observe that the boundary bd P and the interior int P of the polygonal domain P do not depend on the ornament Or P. In order to stress this situation, we call the sets bd P and int P the topological boundary and topological interior of P, respectively.
Example. For the polygonal domain P shown in Fig. 1 , the topological boundary bd P is the union of two contours [1, 2, 10, 3, 4, 13, 20, 19, 14, 18, 5, 6, 1] and [12, 17, 16, 12]; Or P is the union of the point {15} and the two line segments [7, 9] , [8, 11] . There is one topological hole, and there are three formal holes.
Measure of Local Nonconvexity
A point x ∈ E is called a vertex of a polygonal domain P if one of the following three cases holds: (i) x is a vertex of a closed polygonal contour from Bd P; (ii) x is an isolated point from Or P; (iii) x is an endpoint of one of the segments s 1 , s 2 , . . . , s t forming Or P. The set of vertices of P is denoted by Vert P.
Any vertex v of a polygonal domain P (unless it is an isolated point in Bd P) is the apex of at least one interior angle ∠uvw, where [u, v] and [v, w] denote elementary segments of P. We allow the vectors − → vu and − → vw to be collinear (in this case ∠uvw equals π). An interior angle ∠uvw is called convex if it is at most π , and it is concave provided it is larger than π.
Definition 2.
A vertex v of a polygonal domain P is called a vertex of local nonconvexity of P if it is either an isolated point in Bd P or the apex of a concave interior angle of P; otherwise v is called a vertex of local convexity of P.
Remark 2.
The notion vertex of local nonconvexity of a polygonal domain is a particular case of the notion point of weak local nonconvexity of an arbitrary set (see, e.g., [16] ). Recall that a point v in the plane is a point of (weak) local nonconvexity of a planar set X if for any neighborhood U of v at least one of the components of the intersection X ∩U is not convex. In this context, the only points of local nonconvexity of a polygonal domain P are its vertices of local nonconvexity.
The following two simple lemmas are used later.
Lemma 1. Any formal hole of a polygonal domain P contains at least one vertex of local nonconvexity of P.
Proof. Let H be a formal hole of P. Then any vertex of the convex hull conv H of H is a point of local nonconvexity of P.
Lemma 2. A polygonal domain P has no vertices of local nonconvexity if and only if each component of Int P is an open convex polygon.
Proof. A polygonal domain P has no points of local nonconvexity if and only if Bd P contains no isolated points and every interior angle of P is convex. In this case each component of Int P is an open simple polygon whose interior angles are convex, i.e., it is convex itself.
With respect to a given family F of directions in the plane, by a simple F -chord of a polygonal domain P we mean a closed line segment [x, z] parallel to a direction from F such that the vertices x, z belong to Bd P and the open line interval ]x, z[ lies in Int P. Definition 4. For a polygonal domain P, the sum
taken over all vertices of local nonconvexity of P, is called the measure of local nonconvexity of P (with respect to a given family F of directions).
Remark 4.
If P is a usual polygon with holes and F is the family of all directions in the plane, then it easily follows that the measure of local nonconvexity of P equals one at any of its vertices of local nonconvexity. In this case m(P) is exactly the number of vertices of local nonconvexity of P.
Convex Partitions
As usual, by a convex partition of a polygon P we mean any of its decompositions into finitely many closed, nonoverlapping convex pieces. For the case of polygonal domains with degenerate holes, we obtain:
Definition 5. A polygonal domain P is said to be partitioned into convex polygons In other words, nonoverlapping convex polygons Q 1 , Q 2 , . . . , Q r partition P if their union coincides with P and the formal boundary Bd P of P lies in the union of the topological boundaries bd Q 1 , bd Q 2 , . . . , bd Q r .
The next lemma gives a method of identifying convex partitions of a polygonal domain P by the process of adding some closed line segments to its formal boundary Bd P. 
Then all the polygons Q 1 , Q 2 , . . . , Q r are convex if and only if P Q has no vertices of local nonconvexity.
Proof. A simple polygon Q i is convex if and only if its interior int Q i is a convex set. From the definition of P Q it follows that Int P Q is the disjoint union of the sets int Q i , i = 1, 2, . . . , r. Now the assertion of the lemma follows from Lemma 2.
As we have seen above, any convex partition of a polygonal domain P can be considered as the repeated addition of finitely many closed line segments to Bd P. In the literature, such an addition of segments, which are simple chords of a polygon, is known as guillotine cutting. We give here a definition of guillotine cutting for the case of polygonal domains.
Definition 6. Let P be a polygonal domain. The polygonal domain P is said to be obtained from P by guillotine cutting along a simple chord [x, z] of P if
Definition 7.
A polygonal domain P is said to be obtained from a polygonal domain P by repeated guillotine cutting if there is a sequence P 0 = P, P 1 , . . . , P t = P of polygonal domains such that P i is obtained from P i−1 by guillotine cutting, i = 1, 2, . . . , t. If all cutting segments are parallel to directions from a given family F , we speak about a repeated guillotine F-cutting. In terms of partitions, we speak about repeated guillotine F-cuttings as guillotine F-partitions.
Naive Convex Guillotine F-Partition
Here we present a convex guillotine F -partition of a polygonal domain by means of consecutive cuttings, eliminating local nonconvexity of the domain at all points of local nonconvexity. In what follows this partition is used as a procedure of the guillotine F -partition of a polygonal domain into a minimum number of convex pieces. Proof. First we consider the case m = 0. Then, by Lemma 1, we also have h = 0. Moreover, every component of Int P is an open convex polygon (see Lemma 2) . The closures of these polygons partition P into c convex pieces (in the sense of Definition 3). Hence in the case m = 0 the polygonal domain P is F -partitioned by its ornament Or P into c (= m + c − h) convex pieces. Now assume that m > 0, and let v be a point of local nonconvexity of P. By Lemma 6, there is a guillotine F-cut of P along a simple chord [v, z] , decreasing the measure of local nonconvexity of P at v by one. Put P 0 = P and denote by P 1 the polygon obtained from P by this cutting. It is easy to see that either we have h(
Since the second vertex z of the chord [v, z] can be a point of local nonconvexity of P 0 also, we have m(P 0 ) − 2 ≤ m(P 1 ) ≤ m(P 0 ) − 1, and hence
By repeating the above procedure of guillotine F-cutting, we obtain a sequence P 0 = P, P 1 , . . . , P k , k ≤ m, of polygonal domains such that
H. Martini and V. Soltan and P k has no points of local nonconvexity. As in the case m(P) = 0 we have h(P k ) = 0, and Bd P k cuts Int P k into c(P k ) open convex pieces. Since
we obtain the required F-partition.
Compatible Families of Diagonals
Let F be a certain family of directions in the plane, and let P be a polygonal domain. For any family
of noncrossing F-diagonals of P, we denote by P L (resp. by R i ) the polygonal domain obtained from P by the addition of the set L = l 1 ∪ l 2 ∪ · · · ∪ l r (resp. of the set L\l i ) to Bd P. We also put
and we denote by deg L (w) the number of diagonals in L incident to a vertex w ∈ L.
Definition 8. A family (1) of noncrossing F -diagonals of a polygonal domain P is called a compatible family of F-diagonals provided
for all i = 1, 2, . . . , r, where m L (v) (resp. m i (v)) is the measure of local nonconvexity of the domain P L (resp. of the domain R i ) at a vertex v (∈ {a i , b i }).
Lemma 6. Let r 1 , r 2 , . . . , r k , k ≥ 5, be some rays with a common apex a, taken in clockwise order around a (possibly, r k = r 1 ). Then there is an integer i ∈ {1, 2, . . . , k−2} such that the rays r i and r i+2 form a convex angle.
Proof. Let λ i , i = 1, 2, . . . , k − 1, be the oriented angle formed by r i and r i+1 . It is sufficient to find an integer i ∈ {1, 2, . . . , k − 2} such that λ i + λ i+1 ≤ π . Since
one of the sums λ 1 + λ 2 , λ k−2 + λ k−1 is at most π.
Lemma 7. Let (1) be a compatible family of diagonals of a polygonal domain P, and let P L be the polygonal domain obtained from P by adding the set l
(1) The set V (L) consists of vertices of local nonconvexity of P.
Minimum Convex Partition of Polygonal Domains by Guillotine Cuts
Proof. Let w be any point in V (L). According to the definitions above, we have m(v) ≥
as well as the local nonconvexity of P at the vertex v (see Remark 3). We prove the inequality 1 ≤ deg L (w) ≤ 3. Since w is an apex of at least one segment from L, the case 1 ≤ deg L (w) is trivial. To prove the inequality deg L (w) ≤ 3, we distinguish two cases depending on whether or not w is an isolated point in Bd P. Since m(w) ≤ 2 (see Lemma 3), the above statements imply that 0 ≤ m L (w) ≤ 1.
(i) First we assume that w is an isolated point in Bd P.
If m L (w) = 0, then the F-diagonals from L incident to w divide the complete angle with apex w (i.e., the angle of 2π) into convex angles. If we delete from L any of these diagonals, say l i , then from (2) it follows that w becomes a vertex of local nonconvexity in P i , i.e., a concave inner angle with apex w appears. Based on Lemma 6 we conclude that the number of such diagonals is at most three, i.e., deg
If m L (w) = 1, then w is the apex of a concave inner angle α of the domain P L . We claim that α has 2π and is formed by a single F-diagonal from L. Indeed, assume that α = ∠b p wb q , where l p = [w, b p ] and l q = [w, b q ] are two distinct F -diagonals (with a p = a q = w). If we delete l p from Bd P L , then, as is easily seen, we obtain m p (w) = 1, contradicting condition (2) for i = p. Hence w is incident to exactly one F -diagonal from L, i.e., deg L (w) = 1.
(ii) Now we assume that w is the apex of a concave inner angle ∠uwv of P, formed by the elementary segments [u, w] 
If m L (w) = 0, then the F-diagonals from L incident to w divide ∠uwv into convex angles. If we delete from L any of these diagonals, say l i , then from (2) it follows that w becomes a vertex of local nonconvexity in P i , i.e., a concave inner angle of P i with apex w appears. From Lemma 6 we conclude that deg
If m L (w) = 1, then w is the apex of a concave inner angle α of the domain P L . We claim that α is formed by a simple chord [u, w] ⊂ Bd P and an F -diagonal from L.
Indeed, if α is formed by two simple chords of P, then all F -diagonals from L incident to w are contained in the convex angle complementary to α. In this case we can delete from L any of these diagonals, say l i . Since m i (w) = 1, we obtain a contradiction with (2) .
If α is formed by two F-diagonals,
which is impossible by (2).
Hence α is formed by a simple chord [u, w] ⊂ Bd P and an F-diagonal from L. By the same argument, no other F-diagonal incident to w can intersect the interior of the angle complementary to α. Thus deg L (w) = 1.
It remains to observe that items (3) and (4) of the assertion in Lemma 7 are proved within cases (i) and (ii) above.
Definition 9.
The effective number e(L) of a compatible family (1) of diagonals of a polygonal domain P is defined by
where the sum is taken over all vertices w ∈ V (L), and the effective number e(P) of P is defined by
where the maximum is taken over all compatible families L of diagonals of P.
Example. If a family F consists of two directions parallel to the coordinate axes of the plane, then the polygonal domain P in Fig. 1 (with one two-dimensional and two degenerate holes) has the effective number e(P) = 4, attained at the compatible family L = { [1, 2] , [3, 4] , [5, 6] , [6, 7] }.
Remark 5.
If P is a usual polygon with holes and F is the family of all directions in the plane, then for any compatible family L of diagonals of P its effective number e(L)
Lemma 8. Let (1) describe a compatible family L of diagonals of a polygonal domain P, and let P L be the polygonal domain obtained from P by adding the set l 1 ∪l 2 ∪· · ·∪l r to Bd P. Then
Proof. First we show that, for any vertex w ∈ V (L), we have
To do this, we distinguish some different cases. 
Minimum Convex Guillotine F-Partition
This section is devoted to the proof of the theorem describing the main result of this paper. Example. Figure 2 shows a minimum convex partition of a polygonal domain P, where guillotine cuts along the directions of the coordinate axes in the plane are used. Here m(P) = 12, c(P) = 1, h(P) = 3, e(P) = 4, and the minimum number of convex pieces equals 6 (= 12 + 1 − 3 − 4).
Proof of Theorem 2. Let L = {l 1 , l 2 , . . . , l r } be an effective family of diagonals of P with the effective number e(L) = e(P). As above, we denote by P L the polygonal domain obtained from P by adding the set l 1 ∪ l 2 ∪ · · · ∪ l r to Bd P. Since this addition can be considered as the repeated guillotine cutting along l 1 , l 2 , . . . , l r , and since any cut l i either increases the number of components of the formal interior by one or decreases the number of formal holes by one, we have 
Now, applying the naive guillotine F -cutting procedure described in Theorem 1 to the domain P L , we obtain a convex guillotine F-partition of P into at most m + c − h − e convex polygons.
It remains to prove that any convex guillotine F -partition contains at least m +c−h−e pieces. Let P 0 = P, P 1 , . . . , P t = P be a sequence of polygonal domains such that (1) P i is obtained from P i−1 by a guillotine F -cutting along a simple chord l i = [a i , b i ], i = 1, 2, . . . , t, and (2) the formal interior Int P of the last domain P is dissected by its formal boundary Bd P into, say s, convex open polygons (see Lemma 4) . In particular, we have m(P ) = 0, c(P ) = s, and h(P ) = 0.
We prove the inequality s ≥ m + c − h − e. For this purpose, in the family M = {l 1 , l 2 , . . . , l t } a compatible subfamily of diagonals of P are selected. Before doing this, we make one auxiliary observation. As before, we denote by R i the polygonal domain obtained from P by the addition of the set l 1 ∪ l 2 ∪ · · · ∪l i−1 ∪l i+1 ∪ · · · ∪l t to Bd P, and by m (w) (resp. by m i (w)) the measure of local nonconvexity of the polygon P (resp. of R i ) at a vertex w ∈ Vert P.
Observation. If for an F-chord
hold, then l i is a diagonal of P. Indeed, if a i , say, is not a vertex of P, then it is a point of local convexity of P (see Remark 2) . In this case, as is easy to see, a i is a point of local convexity of any polygonal domain R i , contradicting (3).
To select a compatible subfamily of diagonals of P in M, we repeatedly use the following procedure.
Deletion of Noneffective Diagonals. We consider the sequence l t , l t−1 , . . . , l 1 (in this order) and, starting from l t , verify for each l i whether or not both the equalities in (3) hold. If all the 2t equalities in (3) hold then, by the Observation above, we see that M is a compatible family of F-diagonals of P. Assume that not all of these 2t equations hold, and let i be the largest integer in {1, 2, . . . , t} which violates at least one of the equalities in (3). Since m i (w) ≥ m (w) for any vertex w ∈ Vert P, at least one of the equalities
holds. As was simultaneously mentioned above, we have either c( 
After repeated application of the above procedure we obtain a subfamily N = {l 1 , l 2 , . . . , l q } ⊂ L of F-chords of P such that no chord l i ∈ N violates any of the equalities in (3). This means that N is a compatible family of diagonals of P. Denote by P N the polygonal domain obtained from P by the set l 1 ∪ l 2 ∪ · · · ∪ l q to Bd P. By the argument in the procedure above,
As was shown at the beginning of the proof of Theorem 2, we have
Related Results and Applications
The authors do not know of any references which refer explicitly to the minimum number of convex guillotine partitions. However, besides the papers mentioned in the introduction there also exist some related results.
The well-known paper [2] contains a particular case of our Theorem 1, namely, for the case when F is the family of all directions in the plane and P is a simple polygon (i.e., having no holes). Formally, [2] , [15] , and [17] deal with minimum numbers of arbitrary convex partitions (with F being the family of all directions in [2] , and with F as the family of directions determined by the sides of a polygon P in [15] and [17] ). The formulas contained in these three papers refer to compatible families of tree-like unions of line segments, and it is not clear how to deduce the formula contained in Theorem 2 above from the results presented in [2] , [15] , and [17] . More precisely, the problem of minimum convex guillotine cutting for polygonal domains is (to the best of our knowledge) a new one and cannot be deduced from known results.
On the other hand, relations to [18] are very interesting. Formally, this paper deals with the minimum numbers of arbitrary convex partitions of rectilinear polygons in the directions of the coordinate axes. It is proved in [18] that among all such minimum partitions there is a guillotine one. Bearing this in mind, the main result of [18] can be deduced from our Theorem 2, which is of a more general nature.
For computational aspects, we refer to the very recent contribution [13] . For example, it is proved there that the minimal convex partition of polygons by guillotine cuts with respect to a direction family F is NP-hard if |F | ≥ 3, and is polynomially solvable in time O(n 3/2 log n) if |F| ≤ 2. The question of the computational complexity of such partitions for the case |F| ≥ 3 and where P is a simple polygon is open and seems to be interesting.
Finally, we give a few remarks on the practical applications of guillotine partitions. Optimal cutting procedures have various applications, such as pallet loading and cutting stock problems (see [5] ). Depending on practical demands (such as restrictions on the shape of objects, position of the cuts, etc.), in many cases branch-and-bound methods or recurrent formulas of dynamic programming are used to compute patterns which are optimal in this context. It turns out that here especially the use of guillotine cuts plays an important role. There are two main reasons. Namely, sometimes guillotine cuts yield the only or the most convenient approach to optimal patterns (see, e.g., [7] - [9] ) and, on the other hand, in several cases they reflect the real practical situation in the wood industry, steel industry, etc. (see [20] ).
